ABSTRACT An improved one-step Leapfrog hybrid implicit-explicit finite-Difference Time-Domain (HIE-FDTD) method is developed for simulating complex plasmonic structures that comprise dispersive materials over an ultra-wide optical frequency range. The dispersive media is described by a partial fraction (PF) dispersion model by using the vector fitting technique and further implemented into the Leapfrog HIE-FDTD scheme via an auxiliary difference equation (ADE) formulation. The performance of the proposed method is evaluated in optical response of a multi-functional plasmonic structure which can act as a dynamically tunable band-stop filter and refractive index sensor. Simulation results demonstrate good numerical accuracy and high computational efficiency and may find some potential applications in sensing, detecting and optical communications.
I. INTRODUCTION
Dispersive materials, such as metals and semiconductors, whose complex dielectric functions (permittivity or permeability) are frequency dependent especially at optical wavelengths, have been widely used in plasmonic structures. As a result, accurate investigation of their frequency dispersion properties across a wide optical frequency range is a crucial step for tailoring the performance of plasmonic devices. Many research activities have been carried out to measure and tabulate the dielectric constants [1] - [3] .
Besides, some analytical as well as numerical algorithms have also been used. Among them, the finite-Difference Time-Domain (FDTD) method is one of the most commonly used since it permits broadband characterization in a single simulation run [4] , [5] . However, as an explicit method, the time-step size of FDTD is bounded by the spatial The associate editor coordinating the review of this manuscript and approving it for publication was Muhammad Zubair. discretization owing to the Courant-Friedrich-Levy (CFL) stability condition, resulting in long simulation time. To solve this problem, many implicit techniques, such as alternatingdirection-implicit (ADI)-FDTD [6] , [7] and locally-onedirectional (LOD)-FDTD [8] , [9] , have been proposed and extended to simulating dispersive media. Especially, the hybrid implicit-explicit (HIE)-FDTD method whose time step size is only determined by two spatial cell sizes instead of the smallest one, has been proven to be very efficient in treating multi-scale structures such as graphene [10] - [12] . Recently, an improved one-step Leapfrog HIE-FDTD method has been presented with its field updated in the same manner as traditional FDTD and time step size more relaxed and determined by one grid cell size, so it is extremely useful for simulating plasmonic devices containing thin dispersive layers such as metals and graphene [13] , [14] .
For the FDTD method to yield accurate results, proper fittings of the dielectric functions for realistic dispersive materials with analytical representations are very desirable. To this VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ end, several simple models such as Drude [15] , Debye [16] and Lorentz [17] models, have been widely adopted. However, in many practical situations, such as complex dispersive materials over a wide spectrum, the number of poles required for fitting their dielectric functions precisely becomes quite large, leading to high computational cost. Recently, more detailed dispersion models have appeared in literatures, such as the critical points (CP) [18] , Drude-CP (DCP) [19] , Drude-Lorentz [20] , modified Lorentz (mLor) [21] , complexconjugate pole-residue (CCPR) pairs [22] , and especially the partial fraction (PF) model [23] , which provides a unified methodology of those traditional approaches. The PF model can be more efficient as it has more degrees of freedom in parameter estimation and can be more accurate for measurement date when combined with powerful fitting techniques [24] , [25] . In this paper, the PF model is incorporated into the one-step Leapfrog HIE-FDTD scheme via the vector fitting technique [26] and auxiliary difference equation (ADE) method [27] for effective modeling of complex plasmonic devices containing dispersive materials. The organization of this paper is as follows. In Section II, the PF model and its numerical implementation into one-step Leapfrog HIE-FDTD method is described. In Section III, the proposed algorithm is verified by simulating a plasmonic multi-functional structure. Finally, some conclusions are drawn in Section IV.
II. FORMULATION
For a dispersive medium, the complex permittivity and permeability can be expressed by a general PF form via a fitting technique as
where ε ∞ and µ ∞ are the permittivity and permeability at infinite frequency, respectively. r η,k and p η,k are the k-th residue and pole, respectively. It is noted that if p η,k is a multiple root, χ η,k (ω) will be a summation of fraction terms containing high order of jω, which makes it difficult to be implemented into FDTD method. Thus, the third expression is generally avoided in the parameter estimation procedure while the first two expressions are sufficient to model commonly used dispersive materials in plasmonic structures. The complex permittivity can be implemented into the FDTD algorithm via an ADE formulation, where auxiliary electric and magnetic current densities J and M are introduced into the Maxwell's equation in the frequency domain as
where
In the time domain, (2) become
For the auxiliary current density, take J for example, by substituting (1) into (2), we have
if p e,k is complex
As mentioned previously, the multiple-root case is avoided in the parameter estimation procedure, so that its difficult implementation of current density is not concerned. Here, we only consider the first two expressions.
If p e,k is real, r e,k is real, the time domain current is real and can be given by
Rearranging (5), we obtain the updating equation as
If p e,k is complex, r e,k is also complex, the time domain current has two complex parts J k and J k and can be given by
As the coefficients in (7a) and (7b) are a set of conjugate pairs, E (t) is real and the two current parts have the same initial values, we have J k (t) = J * k (t). Thus, we only need to calculate one equation (7a) or (7b) instead of both, and the whole polarization current is 2Re [J k (t)]. Then the corresponding Maxwell's equation can be obtained as
where if p e,k is real, m= 1; otherwise if p e,k is complex, m = 2. Similarly, the equation with magnetic current density can be obtained as
and
By following the procedure of one-step Leapfrog HIE-FDTD proposed in [13] , the time marching equations for dispersive media in each sub-step can be written as
It should be noted that the current density term J on the right-hand sides of (10c) is evaluated at the time step n. This is intentional and an alternative choice is to set up the time step at n+1/2 or n+1, which leads to a less stable solution. The same goes for M.
Substituting (10b) into (10a), we have
For the second half time step, we replace n with n-1 in (10c) and (10d), and then substitute (10d) into (10c), we obtain
By adding (11) and (12), we obtain
By applying the semi-implicit approximation J
we can obtain the final updating equation for the electric field as
Similarly, substituting (10c) into (10d), we have
Substituting (10a) into (10b), we have By adding (15) and (16), we obtain
By applying the semi-implicit approximation
, we can obtain the final updating equation for the magnetic field as
III. NUMERICAL RESULTS
In this paper, we present a multi-functional plasmonic structure as shown in Figure 1 . Each unit cell is composed of a thick Ag rectangular ring resonator deposited on dielectric substrate with a graphene sheet overlayer. The period of the unit cell along x and y direction is p = 200 nm, the length, width and thickness of the Ag sheet is l = 180 nm, w = 50 and h = 10 nm, and the gap is g = 20 nm. The refractive index of substrate is n = 1.5 and its thickness is t = 20 nm. We first test the proposed scheme for simulating plasmonic structures by calculating the transmission coefficients of an infinite monolayer graphene sheet illuminated by a normally incident plane wave.
The optical dispersion feature of monolayer graphene can be characterized by a complex surface conductivity [28] , [29] as (19a)-(19c), shown at the bottom of this page, where e is the electron charge,h is the reduced Planck constant, ω is the angular frequency, t is the hopping parameter of graphene, µ c is the chemical potential controlled through bias voltage and chemical doping, k B is the Boltzmann constant, T is the operating temperature.
The permittivity of graphene can be calculated by ε g (ω) = ε 0 + σ g jω, where the volume conductivity can be found by σ g = σ s / , and is the thickness of graphene used in the simulation. Then the permittivity can be expressed by a PF model via the vector-fitting techniques. From (19) , as shown at the bottom of this page, the permittivity values depend mainly on the parameters (µ c , t, T). Table 1 lists the fitted values of r k and p k for the case of (0.5 eV, 2.7 eV, 30K). The fitting frequency band ranges from 1 to 1000 THz, which covers the visible and infrared spectrum. A 12th-order model is chosen for providing an accurate enough result without sacrificing computational time. Figure 2 shows that the vector fitting PF model agrees very well with the analytical optical formula in (19) .
As shown in Fig.3 , the monolayer graphene sheet is placed in the x − y plane with an x-polarized plane wave normally 
Comparison of (a) magnitude and (b) phase of the complex permittivity of graphene by vector fitting to that found from optical formula in (19) . incident on it. The total/scattered filed conditions are used to introduce the plane wave source and the convolutional perfectly matched layer (CPML) boundary conditions are employed to truncate the open space in the z direction [30] .
The periodic boundary conditions are implemented along x and y directions for simulating an infinitely wide graphene plane.
In the simulation, the overall computational domain consists of 20 × 20 × 80 cells including 10-layer CPML in the z-direction and the cell size is x = y = 5 z = 10nm, assuming that the thickness of graphene just occupies one Yell cell in the z-direction as 2 nm. The normally incident plane wave is described by sin(2π f 0 t) × e −4π(t−t c ) 2 /t 2 w with f 0 = 500 THz and t c = t w = 1000 t. The observation point is at the center of x-y plane and 5 cells away from the graphene sheet. The time-step sizes for the Leapfrog HIE-FDTD and FDTD are set to be 3.33 × 10 −17 s and 6.415 × 10 −18 s, respectively. The simulation is carried out on an Intel Pentium PC with 64 GB RAM and dual-core 2.5 GHz CPU processor. The transmission coefficient can be obtained by
While the analytical transmission coefficient of the infinite graphene layer can be calculated by [31] 
where η 0 is the wave impedance in the free space. The simulated transmission coefficients by Leapfrog HIE-FDTD, FDTD and analytical results are depicting in Figure 3 . It is seen that there is good agreement among those methods over the whole spectral range, while the errors of Leapfrog HIE-FDTD are slightly larger than those of FDTD when compared to the referenced analytical solutions as implicit schemes suffer from larger dispersion errors than the explicit ones. The computational time for Leapfrog HIE-FDTD and FDTD are about 44 and 131 seconds, respectively. Thus, the effectiveness and efficiency of the proposed Leapfrog HIE-FDTD scheme for simulating dispersive materials can be verified. As the proposed dispersive Leapfrog HIE-FDTD is quite complex, it is very challenging and difficult to obtain a detailed analytical stability analysis. Therefore, a numerical research during a long simulation time is performed in Figure 4 . It can be seen that there are no late-time instabilities. Similarly, the electric dispersion of Ag in optical frequencies can be represented by the PF model. Table 2 lists the PF coefficients for Ag based on the fitting in [32] .
It is noted that Section II presents a general formulation for both dielectric and magnetic dispersions, while the commonly used dispersive materials in plasmonic structures such as graphene and metals often only have dielectric dispersive terms, thus here we mainly focus on dispersive permittivity.
We then investigate the performance of the proposed plasmonic structure. In this simulation, the overall grid cell is 20×20×100, the grid size is x = y = 5 z = 10nm, and the time-step size is 3.33×10 −17 s. A sinusoid modulated Gaussian pulse, sin(2π f 0 t)×e −4π(t−t c ) 2 /t 2 w with f 0 = 250 THz and t c = t w = 1500 t, is normally incident on such device. The parameters of graphene are the same as that in Fig.3 . The simulated transmission and reflection spectra are demonstrated in Fig.5 . As expected, a band-stop filter with transmission lower than −20 dB at resonance frequency 226.2 THz is obtained.
A. TUNABLE BAND-STOP FILTER
The transmission spectra with different geometric parameters are compared in Fig.6 . We can observe that the resonance frequency is dominated significantly by the geometric parameters g, l and w. As we increase the gap g from 20 nm to 40 nm, the resonance frequency is clearly blue-shifting from 226.2 THz to 250 THz. Besides, the resonance frequency is red-shifting obviously from 339.1 THz to 226.2 THz as the length l increases from 140 nm to 180 nm, while the resonance strength is obviously suppressed. With the width w increasing from 40 nm to 60 nm, the resonance frequency shifts from 197.4 THz to 255.3 THz. However, when we increase the thickness of the substrate t from 20 nm to 60 nm, there is only a small red-shift for the transmission spectra. It is remarkable that the transmission and resonance frequency tunability by adjusting geometric parameters are very useful in designing tunable band-stop filters with specific requirement.
The transmission properties of the proposed device depend not only on geometric parameters but also physical parameters. From the optical formula (19), we can conclude that the graphene conductivity is related to the operating temperature T and chemical potential µ c , which can be modulated by bias voltage and chemical doping. It is shown in Fig.7 (a) that as the chemical potential increases from 0.5 eV to 1.0 eV, the resonance frequency is blue shifted slightly. Fig.7 (b) indicates that the transmission spectra remains almost unchanged (only a slight suppress in resonance strength) when we adjust temperature T from 30 K to 700 K. Besides, compared to monolayer graphene structure, the resonance of multiple graphene layers further shift to red spectrum region as depicted in Fig.7 (c) . The tunable transmission at resonance frequency show excellent advantage for band-stop applications. 
B. REFRACTIVE INDEX SENSOR
The sensing performance of monolayer graphene structure is analyzed with different background refractive indexes from 1.0 to 2.0 as shown in Fig.8 (a) . It indicates that the variation of refractive indexes causes a clear red-shift at the resonance position, while the resonance strength and bandwidth remain almost unchanged. The relationship between resonance frequency and refractive index is shown in Fig.8 (b) . It can be seen that the resonance frequency decreases linearly with the refractive index. Generally, the optical sensors are characterized by the shift in resonance wavelength per refractive index unit change (Sensitivity S). According to this formula, the sensitivity is about 142 nm/RIU, which may have prospect in high sensitivity detector applications such as biosensing and gas detection.
IV. CONCLUSION
In this paper, an improved dispersion one-step Leapfrog HIE-FDTD method is developed for simulating plasmonic structures that comprise dispersive materials over an ultrawide frequency range. The dispersive media is described by a PF dispersion model by using the vector fitting technique and further implemented into the Leapfrog HIE-FDTD scheme via an ADE formulation. The performance of the proposed algorithm is evaluated in optical response of a plasmonic multi-functional structure which can act as a dynamically tunable band-stop filter and refractive index sensor. Simulation results demonstrate good numerical accuracy and high computational efficiency and may find some potential applications in sensing, detecting and optical communications.
